JOURNAL OF MATHEMATICAL PHYSICS 50, 062104 共2009兲

Entanglement and quantum groups
J. K. Korbicz,1,2,3,4,a兲 J. Wehr,5 and M. Lewenstein2,6
1

Departimento d’Estructura i Constituents de la Matèria, Universitat de Barcelona,
647 Diagonal, 08028 Barcelona, Spain
2
ICFO–Institut de Ciències Fotòniques, Mediterranean Technology Park, Castelldefels,
Barcelona 08860, Spain
3
Faculty of Applied Physics and Mathematics, Technical University of Gdańsk,
80-952 Gdańsk, Poland
4
National Quantum Information Centre of Gdańsk, 81-824 Sopot, Poland
5
Department of Mathematics, University of Arizona, 617 N. Santa Rita Avenue,
Tucson, Arizona 85721-0089, USA
6
ICREA–Institució Catalana de Recerca i Estudis Avançats, E-08010 Barcelona, Spain
共Received 9 September 2008; accepted 1 May 2009; published online 17 June 2009兲

We describe quantum mechanical entanglement in terms of compact quantum
groups. We prove an analog of positivity of partial transpose criterion and formulate a Horodecki-type theorem. © 2009 American Institute of Physics.
关DOI: 10.1063/1.3143542兴

I. INTRODUCTION

Quantum entanglement has been one of the most challenging problems of modern quantum
mechanics. We briefly recall here the definition, referring the reader to Ref. 1 for a complete
overview. We consider a composite quantum system, composed of two subsystems. If the individual systems are described by Hilbert spaces H and H̃, then, according to the postulates of
quantum theory, the composite system is described by the tensor product H 丢 H̃. In this work we
will be interested only in those cases when H and H̃ can be chosen to be finite dimensional, e.g.,
for a pair of spins. A state of the system is represented by a density matrix , that is, a positive
˜ are states of the
operator from L共H 丢 H̃兲, normalized by tr  = 1. In an obvious way, if  and 
˜
individual subsystems, then the product  丢  is a state of the compound system. So are convex
combinations of such products,

兺 p 丢 ˜ ,

p ⱖ 0.

共1兲

It turns out, however, that not every state of the whole system can be represented in the above
form2—the state space of the composite system is strictly larger. Those states which admit the
above representations are called separable or classically correlated and those which do not—
entangled. Intuitively, entangled states reflect a very strong correlation between the subsystems.
So strong that it even violates a certain locality principle.3 From a more practical point of view,
entanglement is a resource for quantum information processing, e.g., for teleportation, computation, and cryptography.1 However, the question of an efficient characterization of entangled states
turned out to be a very hard task: despite many attempts, this problem still does not possess a
satisfactory solution.1
In previous works we proposed4 and developed5 a novel method of studying 共generalized兲
entanglement using abstract harmonic analysis on ordinary compact groups. The core of the
method is the identification of the Hilbert spaces describing the system with representation spaces
of some compact groups. Then with the help of Fourier transform, we switch from density matri-
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ces to continuous positive definite functions on direct product of the groups and define and study
entanglement in terms of those functions. The main result of that approach5 is a Horodecki-type
theorem,6 characterizing entanglement of positive definite functions in terms of positive definiteness preserving maps of continuous functions.
In this note we show how the above classical analysis can be extended to compact quantum
groups 共CQGs兲.
II. CQGS AND THEIR DIRECT PRODUCTS

We begin with the notation and briefly recall some basic facts. We follow the approach of
Woronowicz.7–9 Let 共A , ⌬A兲 and 共B , ⌬B兲 be two CQGs, where A , B are unital Cⴱ-algebras and
⌬A , ⌬B are the coproducts. Let 兵u␣其 and 兵v␤其 be the complete families of irreducible unitary
corepresentations of 共A , ⌬A兲 and 共B , ⌬B兲, respectively. Just like in the classical theory, all such
corepresentations are finite dimensional.8 We denote by H␣ and H̃␤ the carrier Hilbert spaces of u␣
and v␤, respectively, so that u␣ and v␤ are unitary elements of L共H␣兲 丢 A and L共H̃␤兲 丢 B, respectively. Fixing once and forever orthonormal bases 兵ei␣其i=1,. . .,n␣, n␣ = dim H␣ and 兵ẽk␤其k=1,. . .,m␤, m␤
= dim H̃␤ in each carrier space H␣ and H̃␤, u␣, v␤ can be identified with n␣ ⫻ n␣ and m␤ ⫻ m␤
␤
matrices 关u␣ij兴, 关vlk
兴 with entries in A and B, respectively. They satisfy comultiplication rule,
␣
␣
␣
␤
.
⌬Auij = 兺ruir 丢 urj, and analogously for ⌬Bvlk
␤
Let A 共B兲 be a linear span of all matrix elements u␣ij 共vkl
兲 of all irreducible corepresentations
of 共A , ⌬A兲 关共B , ⌬B兲兴. This is an analog of the algebra of polynomial functions on an ordinary
group. It is a dense ⴱ-subalgebra of A 共B兲, closed with respect to the comultiplication, and carrying
structure of a Hopf algebra.8,10 We recall 共see, e.g., Ref. 8兲 how counit and coinverse 共antipode兲
maps, defined on the above Hopf algebra, act, respectively, on the matrix elements,
A共u␣ij兲 = ␦ij,

A共u␣ij兲 = u␣jiⴱ ,

共2兲

and similarly for B , B defined on B.
The main object of our study will be a direct product,
共A,⌬A兲 ⫻ 共B,⌬B兲 = 共A 丢 B,⌬兲,

共3兲

⌬ ª 共id 丢 AB 丢 id兲共⌬A 丢 ⌬B兲,

共4兲

where AB : A 丢 B → B 丢 A is the flip operator and the tensor products are the minimal ones. The
complete family of unitary irreducible corepresentations 兵U其 of 共A 丢 B , ⌬兲 can be chosen in the
following form:
␣
␤
U␣␤
ikjl ª uij 丢 vkl ,

共5兲

given by 共n␣m␤兲 ⫻ 共n␣m␤兲 matrices with entries from A 丢 B 共note the labeling兲. Using definition
共4兲 we check that they satisfy the right comultiplication rule,
␣␤
␣␤
⌬U␣␤
ikjl = 兺 Uikrs 丢 Ursjl .

共6兲

r,s

The Hopf algebra, associated with the direct product 共3兲 and 共4兲, is given by the algebraic tensor
product A 丢 algB. The counit and coinverse are naturally defined on it by
 ª  A 丢  B,

 ª A 丢 B .

共7兲

III. QUANTUM FOURIER TRANSFORMS OF DENSITY MATRICES

Let us consider density matrices  on H␣ 丢 H̃␤, i.e.,  苸 L共H␣ 丢 H̃␤兲,  ⱖ 0, tr  = 1. We
perform the following transform 共cf. Refs. 4 and 5 and see Ref. 11兲:
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 哫 ˆ ª

␣␤
兺 ikjlU␣␤
jlik = 共tr 丢 id兲U ,

共8兲

i,. . .,l

which associates with  an element of A 丢 algB. The indices i , j refer here to the Hilbert space H␣,
while k , l to H̃␤ 关cf. definition 共5兲兴. Before describing entanglement, we show how positivity and
normalization of  are encoded in ˆ .
␣
␤
Since, by definition 关cf. Eqs. 共2兲 and 共7兲兴, 共U␣␤
ikjl兲 = A共uij兲B共vkl兲 = ␦ij␦kl we obtain that
共ˆ 兲 = tr  = 1.

共9兲

To describe the positivity property, let h = hA 丢 hB be a unique Haar measure on the product
共A 丢 B , ⌬兲.7 For convenience we define the following functionals on A 丢 B: ah共b兲 ª h共ba兲,
ha共b兲 ª h共ab兲, a , b 苸 A 丢 B. Then ˆ satisfies an analog of positive definiteness,
共aⴱh 丢 ha兲⌬ˆ ⱖ 0

for any a 苸 A 丢 B.

共10兲

␣␤ⴱ
Note that from definitions 共2兲, 共5兲, and 共7兲, 共U␣␤
ikjl兲 = U jlik .
To prove statement 共10兲, we first use Eq. 共6兲 and then the above quoted property of the
coinverse,

共aⴱh 丢 ha兲⌬ˆ =

␣␤ⴱ ⴱ
␣␤
␣␤
ⴱ
h共共U␣␤
兺 ikjl兺
jlrs兲a 兲h共aUrsik兲 = 兺 兺 ikjlh共Ursjl a 兲h共aUrsik兲
r,s
r,s i,. . .,l

i,. . .,l

␣␤
␣␤
ikjlh共aUrsjl
兲h共aUrsik
兲 ⬅ 兺 具rs兩rs典 ⱖ 0,
兺
r,s i,. . .,l
r,s

=兺

共11兲

␣␤ ␣
兲ei 丢 ẽk␤ 苸 H␣ 丢 H̃␤, with the overbar denoting complex conjugate. We
where rs ª 兺i,kh共aUrsik
ⴱ
used the identity h共a 兲 = h共a兲 and by 具 · 兩 · 典 we denote the standard scalar product in the corresponding Hilbert spaces.
The main weakness of the proposed definition of positive definiteness 共10兲 is that it can be
formulated only on the respective Hopf algebras, since generally coinverse cannot be prolonged to
the whole of the quantum group. One possible way out is to take norm closure in A 丢 B of the set
of positive definite elements. However, for the purpose of this note, we will not consider such a
closure and continue with purely algebraic considerations.
Consider a separable  苸 L共H␣ 丢 H̃␤兲, i.e., a density matrix  representable as the following
finite convex combination:

 = 兺 p␣ 丢 ␤,


␣,␤ ⱖ 0.

共12兲

Then its transform ˆ is also separable, that is,12
ˆ = 兺 pˆ ␣ 丢 ˆ ␤ ,


共13兲

where for all , ˆ ␣ 苸 A and ˆ ␤ 苸 B satisfy the normalization 共9兲 and the positive definiteness 共10兲
conditions on 共A , ⌬A兲 and 共B , ⌬B兲, respectively.
We would like to have the converse of the above fact. To that end we construct an inverse 共in
some sense to be clarified later兲 of the transformation 共8兲. Let F␣, respectively, F̃␤, intertwine the
second contragredient representation u␣cc ª 共id 丢 A2 兲u␣ with u␣, respectively, v␤cc with v␤,7,10
共id 丢 A2 兲u␣ = 共F␣ 丢 id兲u␣共共F␣兲−1 丢 id兲,

共14兲
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共id 丢 B2 兲v␤ = 共F̃␤ 丢 id兲v␤共共F̃␤兲−1 丢 id兲.

共15兲

Operators F␣, F̃␤ are invertible, positive, and uniquely fixed by the condition: tr F␣ = tr共F␣兲−1
⬎ 0, and analogously for F̃␤.8,10 Then F␣␤ ª F␣ 丢 F̃␤ ⬎ 0 intertwines 共id 丢 2兲U␣␤ with U␣␤. Now,
given an arbitrary a 苸 A 丢 B we define for each ␣ , ␤ an operator â共␣␤兲 on H␣ 丢 H̃␤ by8,9
â共␣␤兲 ª 共id 丢 ah兲

â共␣␤兲ikjl =

1

冑F␣␤ U

␣␤†

冑F␣␤ ,

␣␤ⴱ
−1/2
1/2
共F␣␤兲ikmn
h共Ursmn
a兲共F␣␤兲rsjl
.
兺
m,. . .,s

共16兲

Since U␣␤ is irreducible, transformation 共16兲 is onto. Recall that matrix element of irreps
satisfy deformed orthonormality relations7,10
hA共u␣ijⴱui⬘⬘j⬘兲 =
␣

hA共u␣ijui⬘⬘j⬘ 兲 =
␣ ⴱ

␦␣␣⬘
tr F␣

共F␣兲i⬘i ␦ jj⬘

␦␣␣⬘
tr F␣

−1

␦ii⬘F␣j⬘ j ,

共17兲

共18兲

and analogously for the irreps of 共B , ⌬B兲. Thus,
 = 共tr F␣␤兲冑F␣␤ˆˆ 共␣␤兲冑F␣␤ ,

共19兲

and one can recover  from its transform ˆ .
Now let a belong to A 丢 algB. We show that if a is positive definite, i.e., satisfies 关cf. Eq. 共10兲兴
共bⴱh 丢 hb兲⌬a ⱖ 0

共20兲

for any b from A 丢 B, then â共␣␤兲 ⱖ 0 for all ␣ , ␤. To better understand the condition 共20兲, recall
that for an ordinary compact group G, when the relevant Cⴱ-algebra is just the standard Cⴱ-algebra
of continuous functions on G, h共f兲 = 兰dgf共g兲, dg being the Haar measure on G, 共 f兲共g兲 = f共g−1兲,
f ⴱ共g兲 = f共g兲, and 共⌬f兲共g , h兲 = f共gh兲, Eq. 共20兲 is just the standard positive definiteness condition:
兰兰dgdhb共g兲b共h兲a共g−1h兲 ⱖ 0 共see Refs. 4 and 5 for the Fourier analysis of density matrices and
separability on ordinary compact groups兲.
For more transparency, let us introduce compound indices i ⬅ 共ik兲 pertaining to H␣ 丢 H̃␤.
ⴱ
Since h is normalized, h共I兲 = 1, and h共共a兲兲 = a, we can rewrite h共Uji␣␤ⴱa兲 ⬅ h共U␣␤
jlik a兲 as
h共Uji␣␤ⴱa兲h共共I兲兲 = h关h共Uji␣␤ⴱa兲I兴 = 共h 丢 h兲⌬共Uji␣␤ⴱa兲 = 共h 丢 h兲⌬Uji␣␤ⴱ⌬a
= 兺 关2共Urj␣␤兲h 丢 hUri␣␤ⴱ兴⌬a =
r

兺

␣␤ ␣␤ −1
␣␤
Frm
共F 兲nj 关Umn
h 丢 hUri␣␤ⴱ兴⌬a,

r,m,n

共21兲
where in the second line we used the invariance of the Haar measure: 共h 丢 id兲⌬a = h共a兲I = 共id
␣␤ⴱ
␣␤
丢 h兲⌬a, and then Eq. 共6兲 and the identities: 共ab兲 = 共b兲共a兲, U jlik = 共Uikjl兲, and finally Eqs. 共14兲
and 共15兲. Substituting Eq. 共21兲 into the definition 共16兲, we obtain
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−1/2 ␣␤ 1/2 ␣␤ −1
â共␣␤兲ij = 兺 共F␣␤兲im
共F 兲rj 共F 兲nr Fr⬘m⬘关Um⬘nh 丢 hUr⬘m 兴⌬a

␣␤

␣␤ⴱ

␣␤

−1/2
−1/2
兴⌬a ⬅ 兺 关UsjF h 丢 hUsiFⴱ兴⌬a,
h 丢 h共F␣␤兲r⬘s Ur⬘m 共F␣␤兲im
= 兺 关共F␣␤兲sm⬘Um⬘n共F␣␤兲nj
1/2

␣␤

1/2

␣␤ⴱ

s

共22兲
where UF ª 冑F␣␤U␣␤共1 / 冑F␣␤兲, and we used Hermiticity of F␣␤. Hence, for an arbitrary vector
 苸 H␣ 丢 H̃␤,
具兩â共␣␤兲典 = 兺
s

冋兺
j

册

jUsjF h 丢 h 兺 ¯iUsiFⴱ ⌬a ⬅ 兺 共bsⴱh 丢 hbs兲⌬a ⱖ 0
i

共23兲

s

by positive definiteness of a 关cf. Eq. 共20兲兴.
Combining the above facts, given by Eqs. 共10兲, 共19兲, and 共23兲, we obtain the following.
Proposition 1: An operator  acting in the carrier space H␣ 丢 H̃␤ is positive if and only if its
transform ˆ is positive definite, i.e., satisfies condition (10).
The ˆ-dual of the above Proposition also holds.
Proposition 2: An element a of the associated Hopf algebra A 丢 algB is positive definite if and
only if â共␣␤兲 ⱖ 0 for every irrep ␣ , ␤.
The proof in one direction readily follows from Eq. 共23兲. To prove in the other, observe that,
by definition, a 苸 A 丢 algB is a finite linear combination of matrix elements U␣␤
ikjl: a
= 兺␣,␤兺i,jaij␣␤Uji␣␤. Then,
␣␤
␣␤
兲h共bUkj
兲.
共bⴱh 丢 hb兲⌬a = 兺 兺 aij␣␤h共bUki
␣␤ i,j,k

共24兲

If all the matrices aij␣␤ are positive definite, then the above sums are positive and hence a is
positive definite. But by Eq. 共19兲 a␣␤ = 共tr F␣␤兲冑F␣␤â共␣␤兲冑F␣␤.
䊐

IV. SEPARABILITY

In an obvious way the notion of separability given by Eq. 共13兲 applies to an arbitrary element
of A 丢 algB. The same remark applies here as to the positive definiteness: Since coinverse  has
generally no extension to the whole algebra A 丢 B, a way of extending separability to the whole
group would be to consider a norm closure in A 丢 B of the set of separable states. Again, we will
not pursue this line here and will be satisfied with purely algebraic facts.
We are ready to prove the following fact, justifying the use of CQGs in the study of entanglement 共see Refs. 4 and 5 for a classical analog兲.
Proposition 3: A density matrix  苸 L共H␣ 丢 H̃␤兲 is separable if and only if its transform ˆ is
separable in A 丢 algB.
The implication in one direction we have already shown 关cf. Eq. 共13兲兴. Now assume that ˆ is
separable,
ˆ = 兺 pa 丢 b ,


共25兲

where a , b are positive definite for each . Then ˆˆ is separable too, which immediately follows
from Eqs. 共5兲 and 共16兲, and Proposition 1 applied to a , b,
ˆ 共␣␤兲 = 兺 pâ共␣兲 丢 b̂共␤兲,


â共␣兲, b̂共␤兲 ⱖ 0.

共26兲

By Eq. 共19兲,
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 = 共tr F␣ tr F̃␤兲冑F␣ 丢

冑F̃␤ˆ 冑F␣ 丢 冑F̃␤ ,

共27兲

so  is separable.
䊐
Proposition 3 is a nice theoretical separability criterion that allows to conclude about separability properties of  is the separability properties of ˆ are known, and vice versa. So far, we have
been, in fact, mainly carrying over the results known for quantum mechanical states to their
transforms, either on compact 共standard5 or quantum兲 groups. Still, having an explicit separable
form of ˆ implies immediate separability of .
␣␤ ␣␤
Using the same technique, combined with the fact that A 丢 algB 苹 a = 兺␣finite
,␤ 兺i,jaij Uji , where
␣␤
␣␤ 冑 ␣␤
␣␤
冑
a = 共tr F 兲 F â共␣␤兲 F , we show the following basic.
Proposition 4: An element a 苸 A 丢 algB is separable if and only if the operators â共␣␤兲 are
separable for every irrep ␣ , ␤.
By Propositions 1 and 4, positive definite 共separable兲 elements of the associated Hopf algebra
generate a family of positive 共separable兲 operators, acting in the carrier spaces of irreps of the
product 共A 丢 B , ⌬兲. Moreover, each 共separable兲 density matrix can be obtained this way 关cf. Eq.
共19兲兴. Thus, in analogy with the classical case,4,5 a description of separable elements at the level of
quantum group would provide a description of separable states in all dimensions, where the given
quantum group has irreducible corepresentations. Motivated by this observation we state the
following.
Definition 1: 共CQG separability problem兲 Given a positive definite element of the Hopf algebra A 丢 algB, associated with the group 共A 丢 B , ⌬兲, decide whether it is separable or not.
Now we derive an analog of positivity of partial transpose 共PPT兲 criterion.6,13 Note that from
the definition 共8兲 it follows that
T = 兺  U␣␤ = 兺  共U␣␤兲ⴱ .

ij ij
ij
ji
i,j

共28兲

i,j

This suggests the following definition of a “transposition map” :

共a兲 ª 共a兲ⴱ .

共29兲

Note that, quite surprisingly,  is a homomorphism rather than an antihomomorphism of the
associated Hopf algebra: 共ab兲 = 共a兲共b兲, but, on the other hand, it is antilinear. From Propositions 1 and 2 we immediately obtain the following.
Proposition 5: Let  act in H␣ 丢 H̃␤. Then T2 ⱖ 0 if and only if 共id 丢 兲ˆ is positive definite.
We prove the following analog of the PPT criterion.
Theorem 1: 共Quantum PPT criterion兲 If an element a 苸 A 丢 algB is separable, then 共id
丢 B兲a, or equivalently 共A 丢 id兲a, is positive definite.
First we need the following fact, which we prove in Appendix.
Proposition 6: If a is positive definite in A and b is positive definite in B, then a 丢 b is
positive definite in A 丢 algB.
Then it is enough to show that if a is positive definite, then 共a兲 is positive definite as well.
Using the notation ⌬a = 兺共a兲a1 丢 a2 one obtains
共bⴱh 丢 hb兲⌬共a兲 = 兺 共bⴱh 丢 hb兲共a2兲ⴱ 丢 共a1兲ⴱ = 兺 h关共共a2兲ⴱ兲bⴱ兴h共b共a1兲ⴱ兲
共a兲

共a兲

= 兺 h共共a1兲b 兲h关b共共a2兲 兲 兴 = 兺 h共共a1兲bⴱ兲h共ba2兲 = 共bⴱh 丢 hb兲⌬a ⱖ 0,
ⴱ

共a兲

ⴱ ⴱ

共a兲

共30兲
where we used anticomultiplicativity of  共cf. Ref. 8, Proposition 1.9兲: ⌬ = 共 丢 兲⌬ 共 is the
䊐
flip兲 and the identity 共共a兲ⴱ兲ⴱ = a.
Finally, we state the following.5,6
Theorem 2: 共Quantum Horodecki theorem兲 An element a of the quantum group 共A 丢 B , ⌬兲 is
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separable if and only if for every bounded linear map ⌳ : B → A preserving positive definiteness,
共id 丢 ⌳兲a is positive definite.
The proof will be given elsewhere.
V. A SUq„2… EXAMPLE

Here we present a simple example of the transform 共8兲. We will consider a 2 丢 2-dimensional
quantum system in the singlet state,
1

冑2 共兩01典 − 兩10典兲,

⌿− =

共31兲

where we use Dirac notation and 兩01典 stands for the product of the basis elements e0 丢 ẽ1, etc.
As the underlying groups we choose two copies of the quantum deformation of SU共2兲, i.e.,
SUq共2兲. Recall8,14 that SUq共2兲 is obtained from a universal ⴱ-algebra generated by two generators
a , c satisfying the relations
ac = qca,

ccⴱ = cⴱc,

acⴱ = qcⴱa,

1
aⴱa + cⴱc = aaⴱ + qccⴱ = I,
q

共32兲

where q 苸 关−1 , 1兴, q ⫽ 0. Note that for q = 1 the resulting algebra is commutative and one recovers
the standard SU共2兲 group. Comultiplication is defined by
⌬共a兲 ª a 丢 a − cⴱ 丢 c,
⌬共c兲 ª a 丢 c + c 丢 aⴱ ,

共33兲

and coinverse by
1
共c兲 ª − c,
q

共a兲 ª aⴱ,

共cⴱ兲 ª − qcⴱ, 共aⴱ兲 ª a.

共34兲

The fundamental corepresentation is given by the unitary matrix,

u=

冤

冑qc

a
−

1

冑q c

ⴱ

aⴱ

冥

.

共35兲

It is enough to consider the fundamental corepresentation of SUq共2兲 ⫻ SUq共2兲. Thus, as the irrep U
we take u 丢 u. Inserting Eqs. 共31兲 and 共35兲 into Eq. 共8兲 共and stretching the notation a bit兲, we
obtain
⌿̂− = 具⌿−兩u 丢 u⌿−典 = 41 共a 丢 aⴱ + aⴱ 丢 a + c 丢 cⴱ + cⴱ 丢 c兲.

共36兲

It is now a highly nontrivial fact, which follows from our analysis, that the above element cannot
be represented as a convex combination of products of positive definite elements.
VI. CONCLUSIONS

This paper follows the research lines of Refs. 4 and 5 and relates the separability problem in
quantum mechanics to abstract problem of separability of positive definite functions on compact
groups, and now on CQGs. So far we have mainly “translated” known results from the entangle-

Downloaded 25 Jun 2009 to 147.83.123.136. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp

062104-8

Korbicz, Wehr, and Lewenstein

J. Math. Phys. 50, 062104 共2009兲

ment theory to harmonic analysis on the corresponding groups. In particular, Proposition 3 of the
present paper pointed out equivalence of the separability of the states and their corresponding
transforms. We strongly believe that further studies of harmonic analysis, in particular, in the case
of finite groups, will allow to obtain novel results concerning the separability problem in quantum
mechanics. One of the goals of this series of papers is indeed to stimulate the interest of mathematicians and mathematical physicists working in harmonic analysis in the separability problem.
In the course of our analysis, we have introduced a notion of positive definiteness 共20兲. There
are natural notions of positive elements in Cⴱ-algebras as well as positive and completely positive
maps of Cⴱ-algebras. For ordinary groups, positive definite functions define positive functionals on
the convolution algebra, while positive maps correspond to positive definiteness preserving maps.5
In this context, note that condition 共20兲 can be rewritten as 共共hb兲ⴱ ⴱ hb兲a ⱖ 0, where the convolution of linear functionals is defined as8 共⬘ ⴱ 兲a ª 共⬘ 丢 兲⌬a and the involution as ⴱ共a兲
ª 共共a兲ⴱ兲.
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APPENDIX: PROOF OF PROPOSITION 6

Let a and b be positive definite elements from A and B, respectively. We use the notation
⌬a = 兺共a兲a1 丢 a2, ⌬b = 兺共b兲b1 丢 b2 For any finite linear combination c = 兺i,kcikcAi 丢 cBk from A 丢 B, it
then holds
共cⴱh 丢 hc兲⌬共a 丢 b兲 =
=

兺

共a兲,共b兲

共cⴱh 丢 hc兲a1 丢 b1 丢 a2 丢 b2

h共A共a1兲 丢 B共b1兲cⴱ兲h共ca2 丢 b2兲 ⬅ 兺 cikc jlHAijHBkl ,
兺
共a兲,共b兲
i,. . .,l

共A1兲

A
HAik ª 兺 hA共A共a1兲cAⴱ
i 兲hA共ck a2兲,

共A2兲

where

共a兲

and analogously for HBjl. Since a and b are positive definite, HA and HB are positive definite
B
ⱖ 0. Since any c from
matrices and so is their tensor product HA 丢 HB. Hence, 兺i,. . .,lcikc jlHAijHkl
A 丢 B is a norm limit of linear combinations of product elements and Haar measure h is norm
䊐
continuous, we obtain that 共cⴱh 丢 hc兲⌬共a 丢 b兲 ⱖ 0 for any c.
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